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1 Introduction

As we move further into the Information Age, we have a growing dependence on computers and
thus, a growing amount of digital information. Digital processing has made way for more powerful
and precise algorithms especially in image processing. The broader array of algorithms make many
image processing techniques possible. Edge detection is at the heart of image processing. This
technique was practically impossible with previously used analog techniques. This fundamental
process analyzes images and identifies discontinuities to extract information about the image. Edge
detection serves as a gateway to many more advanced processing technologies in image processing.

2 Edges

An edge is defined as the bounding limit of an object, area, or surface. In an image, edges are
represented by significant changes in value intensity. There are two different kinds of discontinuities:
step and line. A step change occurs when there is one value on one side of the discontinuity and a
completely different one on the other. On the other hand, a line discontinuity describes a situation
in which the value changes significantly and then returns to the original value almost immediately
after. If you imagine a black line on a white background, as you cross over it, the values go from
white to black for only a short bit and then return back to white. In real images, however, these
discontinuities are less precise and therefore yield ramp edges and roof edges which correspond to
the step and line discontinuities respectively. The changes in these cases occur over a short distance
rather than instantly.

Figure 1: This figure describes different types of edge.

1



3 Approaches

In general, there are two main approaches, identifying the local extrema in the first derivatives or
the zero-crossings in the second derivative. When an edge occurs, there will be a spike or drop in
the intensity over a short period of time. When we apply the gradient to these values, which is
essentially calculating the first derivative in either the x- or y-directions with respect to time, we
see either a minimum or maximum. When using first derivative approaches, these changes are the
points of interest. In the other circumstance, when we implement second derivative methods, we
used the Laplace operator which is the divergence of the gradient; in other words, the 2D spatial
derivative. Using this method, the zero-crossings are now observed because the rate of change at
the minimums and maximums of the gradient is zero.

One main difference between these two approaches is the way in which they deal with classifi-
cation of edges. For the gradient methods, a thresholding process is applied afterward. Only local
extrema that fit this threshold are considered edges. As for the Laplacian methods, it is crucial that
a Gaussian is applied before operator to reduce noise because this technique is especially sensitive
to noise.

3.1 First Derivative

To detect these discontinuities, the gradient of the image is observed. The gradient describes local
changes in the intensity by taking the discrete approximation of the first derivative. In methods of
edge detection that rely on the gradient approach, the minimum and maximum points mark the
edges because the rate of change in intensity at those points is the greatest. For a two dimensional
object, the image in this case, the gradient is represented as a vector containing the change in the
x-direction and the change in the y-direction.

G =

[
Gx

Gy

]
=

[
∂f
∂x
∂f
∂y

]
(1)

Since gradient is a vector, it has both a magnitude and direction. The magnitude is calculated by
taking the square root of the squares of both gradients.

|G| =
√
Gx

2 +Gy
2 (2)

The direction of the gradient can be found using the inverse tangent function.

θ = arctan
Gy

Gx
(3)

The magnitude is significant in this application because it is a measure of the greatest increase of
intensity and the direction is the direction in which that path follows.

3.2 Second Derivative

A different approach to identifying edges is by using the Laplacian method. This operation could
be done by calculating second derivatives, in which local maxima or minima will appear as zero-
crossings. It is a scalar operator, which defined as

∇2 =
∂2

∂x2
+

∂2

∂y2
(4)
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Laplacian can be used as a 2D spatial second derivative for image processing. It takes the sec-
ond derivatives of pixel intensity of images and finds the zero-crossing which describes the most
significant changes in the image. The formula for the Laplacian of a function I(x,y) is:

∇2I =
∂2I

∂x2
+
∂2I

∂y2
(5)

Since images are discrete representations using pixel intensity value, Laplacian is transformed into
a discrete convolution kernel that can approximate the second derivatives. Due to the fact that
Laplacian utilizes second derivatives to emphasize any rapid change, a Gaussian Smoothing filter
is always applied in order to smooth the image, preventing unwanted noise from being detected
as edges. In order to reduce computational complexity, the LoG (Laplacian of Gaussian) kernel,
which combines Gaussian smoothing filter and Laplacian filter, is always applied instead so that
only one convolution mask is needed for finding second derivatives. The Laplacian of Gaussian-
filtered images is the same as taking Laplacian of Gaussian and convolving the resulting kernel in
the applied image.

4 Applying Masks

Since images are two dimensional, it is convenient to use a kernel which is also called a convolution
mask. This allows us to observe the surrounding pixels and use them as a source of information to
detect edges. The approximation of the partial derivatives is found by subtracting the pixel values
that are near the target pixel.

4.1 Gradient Approaches

In gradient methods of edge detection, the partial derivatives of x and y are computed separately
and then summed. Since the x derivative just looks at changes in the x-direction we can subtract the
pixels on the left and right of the target pixel. For the y-direction, the pixels above and under are
now relevant. We can write the subtraction of the neighboring pixels using the Taylor expansion
and solve for the first derivative. Below we show how the first derivative can be approximated
by subtraction the two neighboring pixels in the x-direction. The same method is used for the
y-direction but it is calculated separately.

f(x+h) = f(x) + f’(x)h + ...
- f(x-h) = f(x) - f’(x)h + ...

f(x+h) - f(x-h) = 2f’(x)h

(6)

f(x+ h)− f(x− h)

2h
= f ′(x) (7)

∂u

∂x
=
u(x+ h)− u(x+ h)

2h
(8)

This is actually an approximation of the points (x + 1
2h, y) for Gx and (x, y + 1

2h) for Gy. Both
points lie in the middle of the two pixels observed. Because this is not very intuitive when trying
to visualize, it is common to center around a whole pixel instead of a location in between pixels.
To achieve this, we can use a 1x3 mask for the x-direction and a 3x1 mask for the y-direction.
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It is also advantageous to get information in both the x- and y-direction relative to the target pixel.
A 3x3 convolution mask is often desired and can be calculated through expanding the 1x3 or 3x1
mask by looking at its two neighboring rows or columns.

A more sophisticated way of generating the 3x3 convolution masks for the partial derivatives is to
incorporate blurring which reduces noise sensitivity. Gaussian blurring is the most popular method
and it puts more weight on the pixels that are close in proximity to the center pixel. The two masks
that are produced after the blurring is applied are known as the Sobel operators.

-1 0 +1

-2 0 +2

-1 0 +1

Gx

-1 -2 -1

0 0 0

+1 +2 +1

Gy

4.2 Laplacian Approaches

Laplacian is computed through summing the second partial derivatives of x and y. In order to
approximate the second derivatives using discrete pixel intensity values, we expand the neighboring
pixel using the Taylor series.

f(x+h) = f(x) + f’(x)h + 1
2 f”(x)h2 + ...

+ f(x-h) = f(x) - f’(x)h + 1
2 f”(x)h2 + ...

f(x+h) + f(x-h) - 2f(x) = f”(x)h2
(9)

By isolating the second derivatives on the right side of the equation and summing up the first
and second equations, we can express the second derivatives of point x in terms of its neighboring
pixel.

f ′′(x) =
f(x+ h)− 2f(x) + f(x− h)

h2
(10)

In order to get Laplacian, which is a scalar, the second derivatives from x and y direction are
added together.

∇2I = Div Grad I =
∂2I

∂x2
+
∂2I

∂y2
(11)
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∂2I

∂x2
+
∂2I

∂y2
=
I(x+ h, y) + I(x− h, y) + I(x, y + h) + I(x, y − h)− 4I(x, y)

h2
(12)

After finding the relationship between the second derivatives of the target pixel and its neigh-
boring pixels, a discrete convolution kernel that can approximate the Laplacian is derived.

0 1 0

1 -4 1

0 1 0

Discrete approximation to Laplacian filter

5 Canny Edge Detection Algorithm

The Sobel operator detects the magnitude and direction of edges by approximating the gradient
of pixel intensity. However, it suffers from the noise within images. Therefore, the Canny Edge
Detection algorithm is used to compensate for the disadvantages of Sobel operator.

The Canny edge detector is one of the well-known edge detectors in the computer vision field.
It computes the gradients by convolving the Sobel kernel in x-direction and y-direction. The
magnitude and direction, which demonstrates the local change of pixel, can be computed using
Gx and Gy based on the method we mentioned earlier. Compared to other approaches such as
Sobel operator alone, the Canny edge detection algorithm aims to eliminate problems of false
edge detection, cases of missing true edges, and improving signal to noise through non-maximum
suppression and double thresholding.

5.1 Non Maxima Suppression

Having found the magnitude and direction of the gradient, any intensity of pixel that is not con-
sidered as local maxima will be set to zero through Non-maxima Suppression. Each pixel will be
checked if it is a local maximum against its neighboring pixels. Any local maximum will occur at
a peak in the gradient direction. In other words, a pixel, whose gradient is smaller than those of
other two pixels, will be suppressed (put to zero). This will result in thin-edges.

5.2 Thresholding

After locating the local extrema in the intensity, the image is passed through a threshold filtering
process in an attempt to reduce the effect of noise. Instead of using a single threshold, a technique
called hysteresis thresholding is often implemented. This approach relies on two thresholds, an
upper and a lower bound. All of the pixels with absolute values that exceed the upper limit are
labeled as edges and conversely, all of the values that lie below the lower threshold are disregarded.
The values that are in the middle of the two thresholds are only considered to be edges if they are
connected to a section that is above that upper limit. This method helps identify edges that might
not be extremely clear; for example, if they are in a shadow or if the colors in the background that
surround the image are similar.
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6 Fuzzy logic

Fuzzy logic is an alternative approach to thresholding. Instead of using binary logic, recent methods
have started moving in the direction of using many-valued logic, specifically fuzzy logic. Instead
of classifying values as either 0 (black) or 1 (white), fuzzy logic allows variables to be anywhere in
between. Every value is measured as a degree of membership to a certain variable. This takes into
account the many shades of grey in an image instead of just categorizing data into “edge” and “no
edge” groups.

Fuzzy logic has gained a lot of popularity since it was first introduced in 1965. This way of
classifying values is more closely allied to how humans think and make decisions. Fuzzy logic
reduces the amount of uncertainty and indefiniteness in a given situation by allowing for more
options beyond just TRUE and FALSE. Instead of setting a single threshold and classifying a pixel
as black or white depending on where it falls relative to the threshold, fuzzy logic would describe
a grey pixel as a certain percentage of black. Black would be 100% , while white would be 0%,
and anything in between would receive a fraction of membership. This allows the system to be
more flexible and accommodate images with lower contrast areas while still achieving an acceptable
amount of clarity in the result.

The fuzzy logic process is based on a classification system and IF-THEN rules. As the system
traverses through the image data, each pixel is examined along with its 8 neighboring pixels. Before
fuzzy logic is applied, a Gaussian mask is used to smooth the image. Then, similar to the Canny
approach, the Sobel filters are used to find the gradient in the x and y direction. However, there
are two additional filters that are applied in the fuzzy logic method. A low pass filter and a
high pass filter are passed over the original image. After each edge strength value is calculated
from applying the three masks individually (Gx or Gy, HP, and LP), they are passed through a
membership function. This point of the process is called the fuzzification step. For the purpose of
edge detection, “Low”, “Medium”, and “High” values are used to distinguish between varying levels
of edge strength. The membership function graphs the classification of each variable (low, medium,
high) along the intensity scale. Each point that serves as an input returns with three different values
corresponding to amount of ”lowness”, ”mediumness”, and ”highness”. The membership functions
are limited to values between 0 and 1 which is called the fuzzy domain. Now the conditional
statements can be applied to come to a conclusion of whether or not the target pixel corresponds
to an edge pixel (see appendix).

Then the values are defuzzified. The values in the fuzzy sets are combined in using the Mamdani
method to calculate a final output of the classification of the original pixel.

7 Implementation of Canny Edge detection

Canny edge detection consists of five steps: Gaussian blur, Gradient, Non-maximum suppression,
double thresholding, and edge tracking. In this section, we explored the implementation of Canny
edge detection based on the mathematical theories we explained in the previous section. We
generated result images after each operation being applied in order to provide a visual representation
of image processing in Canny edge detection.

We used numpy library to convert images to matrixs for the future process. In our gradi-
ent intensity function, we defined two kernels for the use of convolution in x-axis and y-axis. After
computing gradient from the images using gradient intensity, we applied non-maxima suppression
through suppression function. To suppress non-maxima also means to select local maximum within
the image. Recall the fact that images consist of discrete pixels, so in order to compare the pixel
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with the neighboring pixels in its gradient direction, we round the gradient angle to four numbers
of direction using round angle function: 0, 45, 90, and 135. Based on the direction of the rounded
gradient, we were able to compare the center pixel with the other two neighboring pixels in its
gradient direction.

Figure 2: These graphs illustrate the output image after each steps in Canny edge detection we
built.
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Appendix

Conditional Statements

Figure 3: Fuzzy Logic Rules [8]
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